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Abstract. The existence of two intervals of positive real parameters A for which the functional
® + AW has three critical points, whose norms are uniformly bounded in respect to A belonging
to one of the two intervals, is established. As an example of an application to nonlinear differential
problems, a two point boundary value problem is considered and multiplicity results are obtained.
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1. Introduction

Very recently, in [3] and [10] two theorems on the existence of three critical points
for functionals of the type

O + AP

were obtained.

The first of the cited results (Theorem 1.1 below), under suitable assumptions,
ensured the existence of an interval A, such that the previous functional admits at
least three solutions whose norms are uniformly bounded in respect to A; moreover,
an upper bound for A, was established. This result was obtained as a consequence
of the three critical points theorem of B. Ricceri in [20] by using some results
on a suitable minimax inequality established in [10] (see also [6]). Applications to
nonlinear differential problems of the three critical points theorem of B. Ricceri and
its consequences were given in [5-11, 16, 20, 21] (see also [17] for the non-smooth
case).

The second result (Theorem 1.2 below), under a different set of assumptions in
respect to the previous one, established the existence of a precise open interval A,
for which the previous functional has three critical points. Its proof, obtained with a
completely different technique from the previous one, was based on the variational
principle of Ricceri [19] and on the classical Mountain Pass Theorem by Pucci and
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Serrin [18]. Applications of this result to two point boundary value problems were
given in [3] and [4].
For the reader’s convenience we recall here these three critical points theorems.

THEOREM 1.1 ([10, Theorem 2.1]). Let X be a separable and reflexive real
Banach space, and let ®,J:X — R be two continuously Gdateaux differentiable
functionals. Assume that there exists x,€X such that ®(x,)=J(x,)=0 and
®(x) >0 for every x € X and that there exist x, € X, r >0 such that

(i) r<®(x,) J(x)
.. X1
(ii) (Ds(il)grl(x) <r<I>(x1)'
Further, put
_ hr
T b ()
with h>1, assume that the functional ® — AJ is sequentially weakly lower

semicontinuous, satisfies the Palais-Smale condition and

(iii) lim (<I)(x) — )\J(x))=+oo,f0revery)\G[O,E].

x| =00

Then, there exists an open interval A, C[0,a] and a positive real number o such
that, for each A € A\, the equation

d'(x) — A (x)=0
admits at least three solutions in X whose norms are less than o.
THEOREM 1.2 ([3, Theorem B]). Let X be a reflexive real Banach space; ®:
X —> R a continuously Gdteaux differentiable and sequentially weakly lower
semicontinuous functional whose Gdteaux derivative admits a continuous inverse

on X*; W:X— R a continuosly Gdteaux differentiable functional whose
Gdteaux derivative is compact. Assume that:

(i) lim (®(x) + AW (x))=+oc forall A€[0,+o0],

[lx]|—+o0

(ii) there is r € R such that:
inf® <r,
X
and

@ (r) <@, (r),
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where
\If(x) - %‘I’
: (J—o0,rD™
¢, (r) = inf , 1.1
1(r) xe®=1(]—co,r[) r — ®(x) (1)
v e 4
©,(r) = inf sup (x) ) (1.2)

XE(I)71(]_oo’r[)yECD’l([r,-&-oo[) ¢(y) - ®(x) ’

and ®(] — oo, r[)u) is the closure of ®~'(] — oo, r[) in the weak topology.

Then, for each A € A, :]ﬁ, ﬁ[, the equation

d'(x) + AP'(x)=0

has at least three solutions in X.

The aim of this paper is to establish some conditions so that both previous
theorems hold; thus, we have two intervals of parameters for which the functional
@+ AW has three critical points whose norms in respect to one of the two intervals
satisfy a certain stability condition. The main result of the paper, Theorem 2.1, is
presented in Section 2.

As an example of an application to nonlinear differential problems of Theorem
2.1, we consider the following two point boundary value problem

= AF ()
{u(O):u(l):O, (13)

The main result in Section 3 is Theorem 3.1 that, under suitable assumptions,
ensures the existence of two intervals A, and A, such that, for each Ac A; U
A,, the problem (1.3) admits at least three classical solutions whose norms are
uniformly bounded in respect to A € A,.

Multiple solutions to problem (1.3) were obtained from several authors by using
distinct techniques such as methods of lower and upper solutions or fixed points
theorems (see, for instance, [1, 2, 12—15] and references therein). These results are
mutually independent of ours; for example, in [12], the existence of A* >0 such
that for each positive A <A* the problem (1.3) admits two solutions is proved
under a key assumption which is essentially opposite to one of our assumptions
(see Remark 3.2 of [3]); and, moreover, we can apply our result even if the key
assumption of Theorem 2 of [13] is not verified (see Remark 3.4 of [3]).

Finally, we present an example of application of Theorem 3.1 (Example 3.1)
and one of its immediate consequences (Theorem 3.2).

2. The Main Result

In this Section we present the main result of the paper. Its proof is based on
Theorem 1.1 and Theorem 1.2 in the Introduction.
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THEOREM 3.1. Let X be a separable and reflexive real Banach space; ®: X —>
R anonnegative continuously Gateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gdteaux derivative admits a continuous inverse
on X*; J:X—> R a continuosly Gdteaux differentiable functional whose
Gdteaux derivative is compact. Assume that there exists x, € X such that ®(x,) =

J(xy)=0 and that
(i) lim (P(x) — AJ(x))=+oc0  forall A€[0,+o].

[|x[|— o0

Further, assume that there are r >0, x, € X such that:

(ii) r <®P(x,)

(i) J(6) < I (%)
i sup x) < X

xemw r + (I)(xl) !

Then, for each

D
J(x,) — sup J(x) sup J(x)
the equation
d'(x) — A (x)=0 (2.1)

has at least three solutions in X and, moreover, for each h> 1, there exists an
open interval

hr ]
EACTD . sup J(x)

®(x1) e
xed—1 (]—o0,r])

A< o,

and a positive real number o such that, for each A € A\, the equation (2.1) has at
least three solutions in X whose norms are less than o.
Proof. From Theorem 1.1, taking into account that

sup  J(x)< sup J(x) and d r

< ,
xed—! (]—co, ) v T (—oor])” r + ®(x;)  ®(x))

we obtain that there exists an open interval

hr ]
Pl sup J(x)

P(x1) — W
xe®d~1(]—o0,r[)

A, C [0,

and a positive real number ¢ such that, for each A € A,, the equation (2.1) has at
least three solutions in X whose norms are less than o
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Moreover, putting W (x) =—J(x) for every x € X, one has
sup J(x)

xed 1 (|—o0,r])"

@, (r)<
-

and

v 4 inf g1 0,V —
¢,(r)=>  inf (x) (x1)> xed-1 (—ourf) W (X) (x;)

redI (o) D(x;) — D(x) D(x,)
J(x) — xeq)—l(iup_ = r[)wJ(x)
g ) |

where ¢, (r) and ¢,(r) are given by (1.1) and (1.2).
Therefore, from (iii) it follows that
@1 (r) <@y (r).
Hence, from Theorem 1.2 one has that for each
D (x)) r
J(x)) — sup wJ(x) ’ sup  J(x) [’

xed—1(J—c0,r]) xed=1(J—c0,r])"”

)\eA1=]

the equation (2.1) has at least three solutions in X and the proof is complete.

REMARK 2.1. Fixed h> 1, from

J

0<r<(I)(x1) and sup J(X)<I" (-xl)

red T (—0r)” D (x,)

it follows that
hr @ (x,)
— > .
' (.i)(();ll)) B &u: J(X) J (XI ) B _ISLH) J (X)
xe®=1(]—o0,r[) xed=1(]—o00,r[)

Therefore, the real intervals A, and A, in Theorem 2.1 are such that either
AN A=0

or
A, NAH#D.

In the first case, we actually obtain two distinct open intervals of positive real
parameters for which Equation (2.1) admits three solutions; in the second case,
we obtain only one interval of positive real parameters, thatis A, U A,, for which
the Equation (2.1) admits three solutions and, in addition, the subinterval A, for
which the solutions are uniformly bounded.



254 GABRIELE BONANNO

REMARK 2.2. Theorem 1.1 (or, the more general Theorem 3 of [20]) and Theorem
1.2 were applied in several nonlinear differential problems to obtain multiple solu-
tions (see [3—11, 16, 20, 21]). In a similar way, we can apply Theorem 2.1 to these
nonlinear differential problems. In the next section, we will give an example of
applications of Theorem 2.1 to a two point boundary value problem.

3. Applications to Nonlinear Problems

Here, by way of example of applications to nonlinear differential problems of the
three critical points theorem in Section 2, we consider the following two point
boundary value problem

= Af ()
{u(b(t))zua;t:o. (3.1)

We establish the following theorem.
THEOREM 3.1. Let f:R— R be a continuous function. Put F(t):fotf(f)df

for every t € R and assume that there exist four positive constants c, d, b, s, with
c<dand s <2, such that

(@) F(t)<2czi—24dz<F(d) + 5deF(t)dt) forevery te[—c,c]
(i) F(t)<b(l + [t|*)  forevery teR.

Then, for each

8d? 2c? [

AEAIZ]F(d) + L[YF()dt — 2maxF(r) maxF(t)
dJO MQC |t|<c

the problem (3.1) admits at least three solutions in C*([0,1]) and, moreover, for
each h> 1, there exists an open interval

8hd?
2g[0’ 1 d 442 ]
F(d) + ZfO F(t)dt — C—Zr‘n‘axF(t)
t<ce

such that, for each A€ A,, the problem (3.1) admits at least three solutions in
C*([0,1]) whose norms in C?([0,1]) are less than o.

Proof. Let X be the Sobolev space W,*([0, 1] endowed with the norm || x| =
1
( f01|x/(t)|2dt>2 and put ®(x)="[x|7% J(x)= [ F(x(1))dt for every xeX.

It is well known that the critical points of the functional ® — AJ in X are
precisely the weak solutions of problem (3.1) and that the weak solutions, by using
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standard methods, belong to C?([0,1]) and are classical solutions for problem
(3.1). So, our end is to apply Theorem 2.1 to & and J.

Clearly, ® is a nonnegative continuously Gateaux differentiable and sequen-
tially weakly lower semicontinuous functional whose Gateaux derivative admits
a continuous inverse on X*, and J is a continuously Géteaux differentiable func-
tional whose Gateaux derivative is compact.

Furthermore, from (ii) we obtain

lim (®(x) — AJ(x))=+o00

[lx[|—>+o00
forall A€[0, +oo].
Now, put
4dt if 1[0, 4]
x,():=4d ifreff,3]

4d(1 — 1) ifre]3, 1]

and r=2c?. Clearly, one has ®(x,)=4d* and J(x,)=3F(d) + ﬁdeF(t)dt.
So, since ¢ < d, we obtain

r<®(x,).

Finally, taking into account that
< _

ma ()| < ]

for all x € X, one has
sup J(x)=  sup J(x)< maxF(t)
xed—1(]—co,r]) " xe®~1(]—oo,r]) lrl<e

and moreover, one has

— L _J(x)= 2—02( F() + — dF(t)dt)
r + ®(x)) 2¢* + 4d? 2d
Therefore, from (i) one has
i
Now, we can apply Theorem 2.1. Taking into account that
d(x,) < 8d?
J(x;) — sup  J(x) T F(d) + L[F(ndr — 2maxF(t)
xe® 1 (|—oor]) l7|<e
r 2¢?

sup J(x) maxF(t)

2@ (o0, e
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hr 8hd?

< =4
r—i((’;‘l)) - sup J(x) F(d) + Ly F(nde — %ﬁﬂi‘XF(t)
red 1 (J—oo,r])" -

from Theorem 2.1 it follows that, for each A€ A, problem (3.1) admits at least
three classical solutions and there exists an open interval A, C[0,a] and a real
positive number & such that, for each A € A,, problem (3.1) admits at least three
solutions in C2([0,1]) whose norms in W,"*([0,1]) are less than &. Hence, by
choosing

0'>max{§,asug|f(t)|},

ltl<g

we have the conclusion. O

REMARK 3.1. Clearly, the conditions

(k) [{F(1)dt=0
(kk) — F(1)<i(5)*F(d)  forevery te[—c,c]

imply (i) of Theorem 3.1.

REMARK 3.2. Clearly, Theorem 3.1 ensures both the thesis of Theorem 3.1 of [10]
and of Theorem 3.1 of [3].

EXAMPLE 3.1. The function F(u):e‘”u”—{—%(u—}—l)%—% satisfies the assump-

tions of Theorem 3.1 by choosing, for instance, c =1 and d =2. Therefore, for each
1 11

A€lg, 1l the problem

u(0)=u(1)=0,

{_u”:)\(e_“ulo(ll — ) + Y + 1?) (3.2)

admits at least three non-trivial solutions in C*>([0,1]) (Example 3.1 of [3]) and,

moreover, for each h>1, there exists an open interval AQ]O,%[ and a real

positive number o such that, for each A€ A, the problem (3.2) admits at least
three solutions in C*([0,1]) whose norms in C*([0, 1]) are less than o.

We conclude this paper with the following very particular case of Theorem 3.1.



A CRITICAL POINTS THEOREM AND NONLINEAR DIFFERENTIAL PROBLEMS 257

THEOREM 3.2. Let f:R— R be a nonnegative bounded continuous function
such that

1 1 2
/0 f(n)de < ﬁ/o f(n)dt
Then, for each

32 2
Al_]fozf(t)dt — 2l f(nar’ [ f(rydt [

the problem (3.1) admits at least three solutions in C*([0, 1]) and, moreover, there
exists an open interval

Azg[ 64 ]

> [Sf(tydr — 16 f(r)dt

and a real positive number o such that, for each X € A,, the problem (3.1) admits

at least three solutions in C*([0,1]) whose norms in C*([0, 1]) are less than o.
Proof. Taking into account that max, .. F(t)=F(c) and deF(t)dt >0, the

conclusion follows from Theorem 3.1, by choosing c=1, d =2 and h=2. g

References

1. Addou, I. (2000), Multiplicity results for classes of one-dimensional p-Laplacian boundary-
value problems with cubic-like nonlinearities, Electron. J. Differ. Equ. (2000), 1-42.
2. Avery, R.I. and Henderson, J. (2000), Three symmetric positive solutions for a second-order
boundary value problem, Appl. Math. Letters 13, 1-7.
3. Averna, D. and Bonanno, G., A three critical points theorem and its applications to the ordinary
Dirichlet problem (in press).
4. Averna, D. and Bonanno, G., Three solutions for a quasilinear two point boundary value
problem involving the one-dimensional p-Laplacian (in press).
5. Bonanno, G. (2000), Existence of three solutions for a two point boundary value problem, Appl.
Math. Lett. 13, 53-56.
6. Bonanno, G. (2002), A minimax inequality and its applications to ordinary differential
equations, J. Math. Anal. Appl. 270, 210-229.
7. Bonanno, G., Multiple solutions for a Neumann boundary value problem, J. Convex Nonlin.
Anal. (in press).
8. Bonanno, G. and Candito, P. (2003), Three solutions to a Neumann problem for elliptic equa-
tions involving the p-Laplacian, Arch. Math. (Basel) 80, 424-429.
9. Bonanno, G. and Livrea, R. (2003), Multiplicity theorems for the Dirichlet problem involving
the p-Laplacian, Nonlin. Anal. 54, 1-7.
10. Bonanno, G. (2003), Some remarks on a three critical points theorem, Nonlinear Anal. 54,
651-665.
11. Candito, P. (2000), Existence of three solutions for a nonautonomous two point boundary value
problem, J. Math. Anal. Appl. 252, 532-537.
12. Dang, H., Schmitt, K. and Shivaji, R. (1996) On the number of solutions of boundary value
problems involving the p-laplacian, Electron. J. Differ. Equ. 1996, 1-9.



258 GABRIELE BONANNO

13.

14.

15.

16.

17.

18.
19.

20.
21.

Henderson, J. and Thompson, H.B. (2000), Existence of multiple solutions for second order
boundary value problems, J. Differential Equations 166, 443-454.

Henderson, J. and Thompson, H.B. (2000), Multiple symmetric positive solutions for a second
order boundary value problem, Proc. Am. Math. Soc. 128, 2373-2379.

Kong, L. and Wang, J. (2000), Multiple positive solutions for the one-dimensional p-Laplacian,
Nonlin. Anal. 42, 1327-1333.

Livrea, R. (2002), Existence of three solutions for a quasilinear two point boundary value prob-
lem, Arch. Math. (Basel) 79, 288-298.

Marano, S.A. and Motreanu, D. (2002), On a three critical points theorem for non-differentiable
functions and applications to nonlinear boundary value problems, Nonlin. Anal. 48, 37-52.
Pucci, P. and Serrin, J. (1985), A mountain pass theorem, J. Differential Equations 60, 142—-149.
Ricceri, B. (2000), A general variational principle and some of its applications, J. Comput.
Appl. Math. 113, 401-410.

Ricceri, B. (2000), On a three critical points theorem, Arch. Math. (Basel) 75, 220-226.
Ricceri, B., (2002), Three solutions for a Neumann problem, Topol. Methods Nonlinear Anal.
20, 275-281.



